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Scaling Relations in Galaxies

Galaxies span a wide range in mass and size (as well as other important physical 

parameters). The way these two parameters relate to each other across the different scales ð 

and the way they relate with other fundamental physical parameters ð can give us clues 

about how galaxies form and evolve.

In addition, many of these relations can be used to estimate distances to individual galaxies. 

These are the relations that depend on the distance of the galaxies, such as the Faber -

Jackson, Ὀ „, and Tully -Fisher relations.



Scaling Relations in Galaxies

ü Luminosity

ü Absolute magnitude

ü Effective intensity or surface brightness

ü Mean effective intensity or surface brightness

ü Mass

ü Stellar mass

ü Dynamical mass

ü Size

ü Effective radius (or half -light radius)

ü Isophotal  radius/diameter

ü Scale-length

ü Kinematics

ü Rotational velocity

ü Velocity dispersion (central)

ü Colour

ü Age

ü Metallicity



Scaling Relations in Galaxies

1. The Virial Theorem      what does it mean to be virialized?

2. The Faber -Jackson Relation (FJ)

3. The Ὀ „ Relation         FP projections

4. The Kormendy  Relation

5. The Fundamental Plane (FP)

6. The Colour -Magnitude Relation

7. The Tully -Fisher Relation         FJ for disc galaxies

8. The Mass -Size Relation      FP projection

9. The Mg 2-Ȓ Relation

10. The Mass -Metallicity Relation

11. SMBHs and their Scaling Relations 



The Virial Theorem



The Virial Theorem
Letõs consider the general motion of particles such as electrons, molecules or starsé calling 

X, Y and Z the components of the forces applied to the particles, we have from Newtonõs law 

(for each particle or star; see Chandrasekhar 1939):

ά ὢ; ά ὣ; ά ὤ

We can also write:

άὼ ά ὼ άὼ ά ά ὼὢ

And similarly:

άώ ά ώὣ,

άᾀ ά ᾀὤ.



The Virial Theorem
If we sum all force components then we have:
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And summing over all particles/stars:

ρ

ς

ὨὍ

Ὠὸ
ςὝ ὼὢ ώὣ ᾀὤ

where Ὅ Вάὶ  is the total moment of inertia about the origin of the stellar system, and T 

is the total kinetic energy of the stellar system. Now, Вὼὢ ώὣ ᾀὤ is called the virial of 

Clausius.

twice the kinetic energy



The Virial Theorem

Rudolf Clausius (1822 -1888): one of the 

founding fathers of Thermodynamics



The Virial Theorem
Now consider two stars with masses m1 and m2, such that the gravitational force exerted on 

the first star by the second has components A, B and C. Then the force exerted by the first 

star on the second has components -A, -B and -C.

The contribution of this pair of forces to the virial is:

ὃὼ ὼ ὄώ ώ ὅᾀ ᾀ

And summing over all pairs of stars, the virial becomes:

ὃὼ ὼ ὄώ ώ ὅᾀ ᾀ

Now the components of the gravitational force exerted by the first star on the second are the 

components of:

Ὃάά

ὶ



The Virial Theorem
So the components of the virial for each star are:

ὼ ὼ , along the X-axis,

ώ ώ , along the Y-axis,

ᾀ ᾀ , along the Z-axis.

Negative because the force is attractive from one star to the other. And summing over all 

stars the total virial becomes:

Ὃάά

ὶ

Thatõs the gravitational potential energy of the system (ɱ)!



The Virial Theorem
Hence, we have:

ρ

ς

ὨὍ

Ὠὸ
ςὝ ɱ

If the system is in a steady state (virialized!), I is constant and then finally:

ςὝ ɱ π

Arthur Eddington (1882 -1944)Henri Poincaré  (1854 -1912)

Luckily for us only the second 

derivative of the moment of 

inertia needs to be zero!



The Virial Theorem
From the virial theorem to the Tully -Fisher and Faber -Jackson relations

We have that ςὝ ɱ π, and thus, for a stellar system:

Ὃὓὓ

Ὑ
ὓὺ ᵼ

Ὃὓ

Ὑ
ὺ

How do we use this to find a relation between galaxy luminosity L and stellar velocity? Letõs 

assume a constant mass -to-light ratio ὓȾὒ, such that:

Ὃὒ

Ὑ
ᶿ ὺ ᵼ Ὑᶿ

Ὃὒ

ὺ

Let us now bring the concept of mean surface brightness:

ὒθ “ὍὙ



The Virial Theorem
From the virial theorem to the Tully -Fisher and Faber -Jackson relations

Replacing R from the previous equation we have:

ὒθ “ὍὙ ᵼὒθ “Ὅ
Ὃὒ

ὺ

And moving Ὅ to the proportionality constant:

ὒθ ὺ

For a disc galaxy, dynamically supported by rotation, v will be the peak rotational velocity, 

and so we have the Tully -Fisher relation. For an elliptical galaxy, dynamically supported by 

the stellar velocity dispersion, v will be the central velocity dispersion, and so we have the 

Faber -Jackson relation.



The Virial Theorem

Incidentally, two orbiting bodies, like the Sun and Jupiter should also obey the virial 

theorem, and we can obtain from Newtonian mechanics the same relation derived from the 

virial theorem, namely:

Ὃὓ

Ὑ
ὺ ὺ

Ὃὓ

Ὑ

Simply equating the gravitational force from the Sun on Jupiter to Jupiterõs radial 

acceleration times its mass, we have:

Ὃὓ3ÕÎὓ*ÕÐÉÔÅÒ

Ὑ

ὓ*ÕÐÉÔÅÒὺ

Ὑ
ὺ

Ὃὓ3ÕÎ
Ὑ

And, of course, it better be the case!



The Faber Jackson Relation

Luminosity (or mass) vs. velocity dispersion



The Faber -Jackson Relation

ὒ „

ü More luminous/massive elliptical  galaxies are expected to have higher central  stellar 

velocity dispersions

ü Virial theorem indicates ‍ τ (since a

considerable fraction of the kinetic energy is

in random motion)

ü Faber & Jackson (1976)



The Faber -Jackson Relation

ὒ „  

Faber & Jackson (1976)



The Faber -Jackson Relation

ὒ „

ü More recent studies find different values for ȁ

or that it might not be constant

ü Gallazzi+2006 also investigate the relation

when luminosity is replaced by stellar mass

ü Galaxies with higher mass and older stellar

populations seem to result in a steeper slope

ü This suggests variations in the formation

processes of elliptical galaxies of different

mass (more on this later)

‍ ψ ‍ σȢυ

stellar massluminosity



Core and Power -Law Ellipticals

ü There seems to be a 

dichotomy between massive 

and less massive elliptical 

galaxies, in which the former 

have cores in their luminosity 

radial profiles. The cores are 

created (we think) by the 

ejection of stars by a 

supermassive black hole 

binary

ü See Lauer+2007b

ü Much more about this later, 

including contrasting results



The Faber -Jackson Relation

ὒ „

ü Lauer+2007a find that ȁ varies from ~ 2 for

power -law elliptical galaxies to ~ 7 for brightest

cluster galaxies (BCGs); see also Bernardi+2006

ü Consistently with Gallazzi+2006, more

more massive ellipticals result in a higher ȁ



The Faber -Jackson Relation

ὒ „

ü Simulations with more radial, dissipation -less mergers (small pericentre  passages) to 

build more massive ellipticals lead to higher values of ȁ (Boylan -Kolchin+2006)



The Faber -Jackson Relation

ὒ „

ü Desroches+2007: The variations in the FP projections we þnd at the luminous end are 
consistent with less and less dissipation during the formation of elliptical galaxies with 
increasing luminosity. Less dissipation would result in increasingly larger, less dense, 

lower surface brightness and lower Ȓ galaxies, relative to þducial power-law scalings  for 
the elliptical galaxy population.



The Ὀ „ Relation

Isophotal  diameter vs. velocity dispersion



The Ὀ „ Relation

ÌÏÇὈ ὥÌÏÇ„ ὧ

ü Dn is an isophotal  diameter (size ð in arcsec ), originally set to the B -band 20.75 mag 

arcsec -2 isophote  (Dressler+1987a,b)

area within isophote

integrated intensity over annuli

Mo+2010, Eq. (13.68)



The Ὀ „ Relation

ÌÏÇὈ ὥÌÏÇ„ ὧ

ü Scatter in the determined distance a factor two better than Faber -Jackson relation

ü Distance to Coma cluster estimated as 10 times larger than distance to Virgo cluster

Todayõs estimates:

Virgo: 16.5 Mpc

Coma: 99 Mpc



The Kormendy  Relation

Effective radius vs. mean effective surface brightness



The Kormendy  Relation

‘ ‌ ‍ÌÏÇὶ

Kormendy  (1977):

ü Larger r e leads to fainter ȋe

ü Relation runs at an angle 

with lines of constant 

absolute magnitude M



The Kormendy  Relation

‘ ‌ ‍ÌÏÇὶ

Nigoche -Netro+2008



The Kormendy  Relation

‘ ‌ ‍ÌÏÇὶ

Kormendy+2009Core ellipticals

Power-law ellipticals

Bulges of S0s

Spheroidals

Elliptical galaxies and the massive 

bulges in some S0s follow a tight 

Kormendy  relation, but spheroidal 

galaxies do not.

This points out that the formation 

processes of spheroidal galaxies is 

different.



Spheroidal Galaxies Kormendy+2009
Spheroidal galaxies were initially 

thought to be dwarf ellipticals, but they 

follow different relations. The current 

picture is that spheroidals  were faint 

disc galaxies that were stripped of gas 

by environmental effects and/or 

supernova feedback.

So there seems to be 3 types of 

quiescent galaxies with different 

formation processes:

1. Core ellipticals: mergers with binary 

SMBHs scouring

2. Power-law ellipticals: mergers

3. Spheroidals : disc galaxies

transformed by environment

and feedback

More later!



The Kormendy  Relation

‘ ‌ ‍ÌÏÇὶ

Gadotti  (2009)

The bulges of disc galaxies can also be 

divided into the ones which follow the 

Kormendy  relation and the ones which 

do not. Again, this indicates different 

formation processes.

Much more about this later.



The Different Bulge Families

THE CLASSICAL BULGE

ü More or less spheroidal

ü Mostly old stars (not much dust or star -forming regions)

ü Kinematically hot, i.e., dynamically supported by stellar velocity dispersion Ȓ (but it 

does rotate!)

ü Presumably built in violent events, inducing fast bursts of star formation if gas is 

available: mergers or clump coalescence



The Different Bulge Families

THE NUCLEAR DISC

ü May contain sub -structures such as nuclear bars, spiral arms, ringsé

ü May show signs of dust obscuration, young stellar populations or ongoing star 

formation

ü Kinematically colder, i.e., dynamically supported by rotation of its stars Vrot

ü Built mostly via bar -driven gas inflow

Nuclear discs have been called 

ôpseudobulges õ, ôdisc-like 

bulgesõ, ôdiscy  bulgesõ and 

ôdisc-like pseudobulges õ ð but 

they are discs.



The Fundamental Plane

Effective radius vs. effective intensity vs. velocity dispersion



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

ü The previous relations show that elliptical galaxies with larger central velocity dispersion, 

Ȓ, are both brighter (the Faber -Jackson relation) and larger (the Dn-Ȓ relation). In 

addition, the Kormendy  relation shows that larger ellipticals have fainter surface 

brightness. This suggests the existence of a 3D relation (or a plane in 3D space) formed 

by parameters associated to the size, luminosity and velocity dispersion of elliptical 

galaxies. This is the Fundamental Plane ( Djorgovski  & Davis 1987, Dressler+1987a).

ü The Faber -Jackson relation, the Dn -Ȓ relation and the Kormendy  relation are projections 

of the Fundamental Plane.



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

Mo+2010: Fig. 2.18



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

ü From the Virial Theorem:

Ὃὓ

Ὑ
ὺ

We can also write Ὑ Ὧ Ὑ and „ Ὧ ὺ , where Ὧ and Ὧ describe, respectively, the 

density profile and orbital structure of the galaxy. Given that:

ὒ ς“ὍὙ

We can write the top equation as:

Ὃ
ὓ
ὒ ὒ

Ὑ
ὺ

„

Ὧ

Mo+2010: Sect. 13.4

twice the mean kinetic 

energy per unit massAbsolute value of the mean 

potential energy per unit mass



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

Ὃ
ὓ
ὒ ὒ

Ὑ
ὺ

„

Ὧ

Ὃ
ὓ
ὒ ς“ὍὙ

Ὑ
Ὧ

„

Ὧ

Ὑ ꜟ„ Ὅ
ὓ

ὒ

where ꜟ .

Mo+2010: Sect. 13.4



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

If elliptical galaxies are homologous, i.e., have self -similar density and orbital distributions, 

then ꜟ is the same for all ellipticals. If, in addition, all ellipticals have the same , then 

the FP can be written as:

ÌÏÇὶ ςÌÏÇ„ ÌÏÇὍ .

I.e., ὥ ς, ὦ ρ and ὧ π. If the observed values are different, then it means that  

and/or ꜟ have power -law dependence on Ὅ , „ and/or ὶ. Deviations from the virial 

predictions are called the ôtiltõ of the fundamental plane.

Mo+2010: Sect. 13.4



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ 
The FP using nearly 9000 SDSS galaxies 

in four different bands (Bernardi+2003 ).

In the r* band, the observed FP relation is:

ÌÏÇὶ ρȢυÌÏÇ„ πȢχυÌÏÇὍ .

So the FP is indeed ôtiltedõ, i.e.:

ὥ ρȢτω πȢπυ instead of 2, and ὦ
πȢχυ πȢπρ instead of -1.

In the K band [where ( ὓ/ ὒ) effects are 

minimised], Pahre+1998 find ὥ ρȢυσ and 

ὦ πȢχω. So (ὓ/ ὒ) effects seem small.



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

This is not surprising. Ellipticals may not be homologous, i.e., may not have the same 

density and orbital distributions. We have seen (and will see more later) that the density 

profile of elliptical galaxies can be varied. This also certainly affects the orbital distribution.

 is probably also not the same in every elliptical. Different galaxies may have a different 

distribution of stellar populations (see, e.g., the colour -magnitude relation). In addition, the 

contribution of dark matter may also vary. How these different factors play a role in the tilt 

of the FP is still a matter of debate and investigation.

Nonetheless, the tightness of the FP is a strong constraint to models of galaxy formation 

and evolution.



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

Even with the ôtiltõ, the existence of a tight fundamental plane ð instead of galaxies being 

randomly distributed in the ὶ- „- Ὅ  space ð indicates that elliptical galaxies:

1. Are virialized systems

2. Are to some extent homologous: i.e., have (close to) self -similar density and orbital 

distributions

3. Contain stellar populations which must fulfill tight age and metallicity constraints 

(since variation in ὓȾὒ is limited)

And what does the ôtiltõ teach us?



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ
Robertson+2006 find that 

dissipation -less mergers produce 

an FP that matches the Virial 

prediction:

ὥ ςȢππ and ὦ ρȢπρ.

By adding gas to the mergers, they 

find a tilted FP relation close to the 

observed values:

ὥ ρȢυψ and ὦ πȢψπ.

Dissipation and star formation in 

less massive systems thus plays a 

fundamental role in galaxy 

formation and evolution.



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

Boylan -Kolchin+2005: the amount of 

dark matter within the effective radius 

increases after mergers that produce 

the most massive ellipticals, as long as 

the mergers occur from radial orbits.

This increases  if there is no 

additional star formation, contributing 

to the ôtiltõ.



The Fundamental Plane

ÌÏÇὶ ὥÌÏÇ„ ὦÌÏÇὍ ὧ

But the observed FP requires that gas does not 

dissipate and form stars in massive galaxies. 

This suggests that gas is heated via shocks that 

are more powerful for more massive systems ð 

because the central gas density is larger in 

deeper potential wells ð and for more radial 

orbits (due to the stronger impact).

The heated gas is observed as X -ray haloes in 

massive ellipticals.

Cox+2004



X-Ray Haloes

Goulding+2016



What have we learned?
So what have we learned so far from the Fundamental Plane?

1. Elliptical galaxies (and maybe the most massive ð classical ð bulges) are consistent with 

being formed from mergers and being virialized

2. Gas dissipation and star formation are required in the least massive systems and need 

to be prevented for the most massive systems

3. Radial orbits are required for the most massive systems



The ȉ Space
Bender+1992 have proposed a quasi -orthogonal combination of Ὑ, „ and Ὅ  that is 

particularly useful:

ȉ1 is proportional to log mass ( ÌÏÇ „Ὑ), ȉ3 is a measure of ( ὓ/ ὒ) ð because it is proportional 

to ÌÏÇ , and ȉ2 is proportional to ÌÏÇ Ὅ  to ensure quasi -orthogonality.

The ȉ1-ȉ2 projection is very close to a face -on projection of the FP, while the ȉ1-ȉ3 projection 

is nearly an edge -on projection of the FP.



The ȉ Space

Elliptical galaxies in the Virgo and Coma cluster 

in the ȉ space (Bender+1992).



The ȉ Space

Elliptical galaxies and different bulge families in the ȉ 

space (Gadotti  2009). Massive bulges lie relatively 

close to the FP relation of ellipticals, but less massive 

bulges are systematically off the plane, indicating 

different formation processes.

More about this later. 

merger

dissipation



The ȉ Space
The locus occupied by the less massive bulges is the same as pure disc systems, as seen in 

the H -band FP of Pierini+2002



The Colour -Magnitude Relation

Colour  vs. luminosity or absolute magnitude



The Colour -Magnitude Relation

Visvanathan & Sandage  

(1977): brighter galaxies 

are redder



The Colour -Magnitude Relation

Mo+2010: Fig. 2.27

The colours  of stars/galaxies can reflect the age of the stellar population, as more massive 

stars are bluer and have shorter lives. But stars that are poor in metals are also bluer, and 

dust absorbs more blue light, re -emitting it in the red, so all these process contribute to 

some extent to the observed colours  of galaxies.

red sequence

blue sequence

Colour  bimodality is clear 

and reflects, on average , 

early -type and late -type 

galaxies.



The Colour -Magnitude Relation



The Colour -Magnitude Relation

ü Bell+2004 show that the colour  bimodality 

was in place already at z ~ 1. The blue peak 

becomes redder with time and the red 

sequence appears even when all 

environments are considered.


